e free vibration characteristic of spherical cap with general edge constraints is studied by means of a unified method. e energy method and Kirchhoff hypothesis are adopted to derive the formulas. e displacement functions are improved based on the domain decomposition method, in which the unified Jacobi polynomials are introduced to represent the displacement function component along circumferential direction. e displacement function component along axial direction is still the Fourier series. In addition, the spring stiffness method forms a unified format to deal with various complex boundary conditions and the continuity conditions at two adjacent segments. en, the final solutions can be obtained based on the Ritz method. To prove the validity of this method, the results of the same condition are compared with FEM, published literatures, and experiment. e results show that the present method has the advantages of fast convergence, high solution accuracy, simple boundary simulation, etc. In addition, some numerical results of uniform and stepped spherical caps with various geometric parameters and edge conditions are reported.
Introduction
Spherical caps have been widely used in many practical engineering branches, such as pressure vessels, dome-shaped structures, submarines, and nuclear power plants. ese structures usually bear different extreme loads caused by wave, wind, and even earthquakes. e dynamic excitations caused excessive vibration and even resonance in complex environmental conditions. erefore, the analysis of free vibration of spherical caps becomes really meaningful. e related literatures are reviewed below.
Gautham and Ganesan [1] conducted a research to deal with the free vibration characteristics of isotropic and laminated orthotropic spherical caps. Based on the first-order shear deformation theory, a semianalytical shell finite element was utilized to investigate the effect of geometric configurations on vibration behavior of spherical caps. Singh and Mirza [2, 3] studied the vibration characteristics of spherical shells with various boundary restraints by means of FEM. Natural frequencies of spherical shells with different geometry parameters have been analyzed. en, the author presented displacement fields of each segment by quintic Bezier functions, which was proved efficient and accurate using only two to four shell segments of spherical shells. Wu and Heyliger [4] analyzed the free vibration of spherical caps on the basis of twodimensional first-order shear deformable shell theory. Hermite interpolation polynomials and Fourier series were used in the azimuthal and circumferential direction, respectively.
Meanwhile, many related investigations have been conducted on typical curved shells and structures, such as the GDQ method, Fourier-Ritz method, radial basis function (RBF) method, and so on. Tornabene and Viola [5] studied the dynamical behavior of hemispherical domes and spherical shell panels on the basis of first-order shear deformation theory (FSDT) and generalized differential quadrature (GDQ) method. Jouneghani et al. [6] investigated vibrational behavior of doubly curved shells on the basis of first-order shear deformation theory (FSDT) considering porosities. Hamilton's principle and Navier's solution method were both utilized to derive the numerical results. Wang et al. [7] [8] [9] analyzed vibration behavior of cylindrical shells on Pasternak foundation by means of Fourier-Ritz approach. Jin et al. [10] [11] [12] analyzed vibration behavior of cylindrical shells with general boundary restraints by means of a generalized solution. e vibration behavior of a thin cylindrical shell with simply supported edges was studied by Wu et al. [13] by means of Hamilton's principle. Lagrange principle and Hamilton's principle were utilized by Hussain et al. [14] to investigate vibration of cylindrical shell resting on Winkler and Pasternak elastic foundations. Zhou et al. [15] analyzed the free vibration features of cylindrical shells with elastic edge conditions. e method of wave propagations was utilized on the basis of Flügge thin shell theory. e author presented the displacement function by Chebyshev polynomials and Fourier series. Tornabene et al. [16] presented the radial basis function (RBF) method to study vibration behavior of composite curved cases. Brischetto et al. [17] introduced the zig-zag function to overcome the discontinuity of displacement function; free vibration of curved plates was analyzed. Shi et al. [18] analyzed free vibration of double-curved shallow shell structures by means of the improved Fourier series method (IFSM); the excellent convergence and accuracy of the presented method have been proved. Li et al. [19] [20] [21] [22] extended the modified Fourier-Ritz approach to evaluate the free vibration of rectangular plate, sector plate, and cylindrical, conical, and spherical panels and shells of revolution with general boundary conditions. Lee et al. [23] applied Flügge's thin shell theory and Rayleigh's energy method to analyze the free vibration characteristics of the joined spherical-cylindrical shell with general edge constraints. In addition, a modal test was conducted to validate the dependability of the method. Shi et al. [24] analyzed vibration behavior of double-curved shallow shells with complex edges on the basis of the spectral-geometric Ritz method. e displacement component was expressed as the assembly of Fourier series and assistant functions. e reliability and exactness of the method was proved through the comparison between present method, FEM, and published literatures. Wang et al. [25, 26] also proposed a unified formulation to investigate vibration behavior of curved shells.
Meanwhile, structures with stepped thickness exist widely in engineering application. e dynamic features of this kind of structure also attract researcher's attention. Qu et al. [27, 28] put forward the domain decomposition method to investigate vibration behavior of stepped and homogeneous conical shells with various boundary restraints. Zhang and Xiang [29] studied the vibration behavior of cylindrical shells with stepped thickness by means of the state-space technique and domain decomposition method. e influence of shell thickness ratios, locations of stepwise thickness variations, and step thickness ratios were also discussed. Khalifa [30] investigated the vibration behavior of stepped cylindrical shells; however, the solution process was realized through combination of the transfer matrix approach and the Romberg integration method. Fazzolari [31] carried out an investigation of vibration characteristic of curved shells on the basis of the dynamic stiffness method and higher order shear deformation theory.
Xie et al. [32] combined Flügge's thin shell theory with the power series method to investigate vibration characteristic of stepped curved shells with different edge conditions.
As we can see from the literature review, most studies mentioned above are restricted to classical edge constraints, such as clamped, hinged, and free boundary. To the authors' knowledge, few research studies have been conducted to study the vibration characteristics of uniform and stepped spherical caps with elastic edge conditions. erefore, a unified method is necessary and meaningful to establish to solve the vibration behavior of uniform and stepped spherical caps with elastic edge conditions. On the basis of theory of thin shell and the domain decomposition method, spherical caps are separated into sections along the meridian direction. e displacement components of spherical caps along meridian and circumferential directions are presented by Jacobi polynomials and Fourier series. e boundary restraints and the internal interfaces between two adjacent parts of spherical cap are simulated through the penalty method. Final solutions are derived on the basis of the Rayleigh-Ritz method.
Theoretical Model

Description of the Model.
e geometry symbol and coordinate system of uniform and stepped spherical cap are displayed in Figure 1 . e spherical cap is defined in a spherical coordinate system (φ, θ, δ); the displacements of the middle shore surface along meridian, circumferential, and normal orientations are, respectively, represented by u, v, and w. h and h i , respectively, denote the thickness of uniform and stepped spherical cap. e symbols R, R c , C s , and φ 1 denote the horizontal radius, radius, the center, and center angle of spherical cap, respectively. Figure 2 shows the differential element of the shell.
To increase the accuracy of calculations, the spherical cap considered in current research is partitioned into N p shell segments along meridian direction. In addition, these sections are considered as single component in the current research. For stepped spherical cap, the number of partition sections is related to the stepped number.
Energy Functional Expressions of Spherical Cap.
Based on the thin shell theory and Kirchhoff hypothesis [33] [34] [35] , relationship between strain, stress, and displacement of the ith part of spherical cap can be obtained. By means of Hooke's law, stresses corresponding to strains mentioned above are expressed as follows:
Meanwhile, the kinetic energy of spherical cap is defined as follows:
where the dot above u, v, and w represents differentiation of displacement components with respect to time. e kinetic energy expression of equation (7) can be rewritten as
where ω denotes angle frequency of the spherical cap.
Edge Conditions and Connective Constraints of the Spherical Cap.
In the current research, the continuity and the boundary restraints of spherical caps are simulated on the basis of the penalty method. k u , k v , and k w represent the preassigned stiffness of the translational spring along u, v, and w directions; meanwhile, k r denotes stiffness of rotational spring. Translational and rotational spring stiffness values are, namely, penalty parameters. In other words, arbitrary boundary restraints can be generated by assigning the penalty parameters at appropriate values. Stiffness values corresponding to general boundary restraints are displayed in Table 1 . To simplify the study, CE, SSE, and FE, respectively, denote clamped edge, shear support edge, and free edge. e spherical cap with elastic boundary restraints is displayed in Figure 3 . e potential energy stored in the boundary springs can be written as follows: 
where k s,0 (s � u, v, w, r) and k s,1 , respectively, denote spring stiffness value on the top and bottom side of spherical cap. e potential energy of the springs connecting two adjacent sections of the spherical cap is expressed as follows:
where the superscripts i and i + 1, respectively, represent the ith and i + 1th section of the spherical cap. As a result, the total potential energy corresponds to boundary restraints, and connective relations are signified as
where N p is the number of divided segments mentioned above. us, the complex boundary restraints can be easily fulfilled by setting appropriate stiffness values to boundary spring.
Unified Solutions and Calculation Procedures.
Suitable displacement function is a key point in guaranteeing the accuracy of solution. e displacement and rotation components of spherical cap are expressed as Jacobi and Fourier series, respectively.
As displayed in the classical references, Jacobi multinomials [36] are valued within the limit of ϕ ∈ [−1, 1]. Typical Jacobi polynomials P (α,β) i (ϕ) of degree i are written as follows in the current method:
e Jacobi polynomials are generalized polynomials containing Chebyshev, Legendre, and Gegenbauer polynomials. For example, the choice α � β � 0 yields the Legendre polynomials, while choosing α � β � 1/2 gives the Chebyshev polynomials. e use of Jacobi polynomials makes the choice of admissible function more flexible and generalized in this paper. e displacement components of the spherical cap along meridian, circumferential, and normal orientations can be written as 
Shock and Vibration Shock and Vibration where U mn , V mn , and W mn are the Jacobi expanded coefficients corresponding to each displacement component;
are the Jacobi polynomials of mth order displacement components along axial direction; t signifies time;
and ω denotes the circular frequency. n and m signify the circumferential and axial wavenumber of the corresponding mode shape, respectively. M and N are the maximum order of displacement admissible functions. A linear trans- 1] . e total Lagrangian energy function of the spherical cap can be expressed as
Based on the Rayleigh-Ritz method, the total energy of spherical cap can be minimized with respect to the Jacobi coefficients:
Substituting equations (5)- (14) into equation (15), the discretized equation of vibration of the spherical cap can be expressed as the matrix form as
Symbols K and M of equation (16) separately signify stiffness matrix and mass matrix of the spherical cap. e detailed description of equation (16) is given in Appendix. e matrix of unknown Jacobi coefficients is denoted as symbol T. e eigenvalues of spherical cap are, namely, modal frequencies that can be easily achieved by solving equation (16) . Meanwhile, mode shapes of spherical cap can be obtained by the substitution of the corresponding eigenvectors into components of displacement. 
Vibration Characteristics of Spherical Cap and Discussions
In this section, some results and discussions about free vibration characteristics of uniform and stepped spherical caps are presented to verify the exactness and flexibility of the proposed method. Based on that, some new results are obtained for uniform and stepped spherical caps subjected to general boundary conditions. e discussion is arranged as follows: firstly, the excellent convergence of the present method is demonstrated. en, the exactness and dependability of the current method when handling vibration characteristic of uniform and stepped spherical caps are verified. Lastly, more analytical results of uniform and stepped spherical cap with classical and elastic edge conditions are displayed. e density of the material is ρ � 7850 kg/m 3 , Poisson's ratio ] � 0.3, and Young's modulus is E � 210 GPa. To avoid roundoff results, nondimensional frequency parameter is used unless otherwise stated: Ω � ωR S ��� ρ/E.
Convergence Studies.
When the penalty parameters are not defined as a suitable value, the solution may not converge [37, 38] . So, it is necessary to conduct the convergence study of current method. Figure 4 denotes nondimensional frequency parameters of clamped hemispherical cap with different connective and boundary spring stiffness values. e geometry dimensions and other parameters of the hemispherical cap are as follows: R c � 1 m, h � 0.005 m, α � β � −0.5, and N p � 4.
As displayed in Figure 4 , the nondimensional frequency parameter converges to a stable value when the spring stiffness of connective restraints and boundary edges is, respectively, in the scope of k t � 10 12 ∼ 10 18 and k t � 10 11 ∼ 10 18 . at is to say, stiffness values at this stage can ensure clamped boundary restraints. Meanwhile, when the stiffness values of boundary spring are less than 10 4 , the boundary conditions can be seen as free. When the spring stiffness values are in the range of 10 5 to 10 9 , the boundary conditions can be regarded as elastic. In the current research, the spring stiffness matching with free and clamped boundary restraints is, respectively, set as 0 and 10 14 . e spring coefficient k b of elastic support is set as 10 8 in the current research unless otherwise stated. us, the spring stiffness values of the general edge conditions can be achieved as shown in Table 1 .
e nondimensional frequency parameters of the current method with different segments are compared with the results of FEM and related literature [39] in Table 2 . h/R c and φ 1 of spherical cap are, respectively, 0.005 and 60 degrees. e FEM analysis was conducted by means of ANSYS. e elastic support edge constraints are imitated by distributed springs which are made up by 160 COMBIN 14 elements. In addition, the spherical cap is composed of four-node element shell 63. ere are 120 and 180 shell elements along meridian and circumferential directions, respectively. e mesh of the spherical cap is fine enough to guarantee the accuracy. It can be concluded from Table 2 that the current method converges well when the shell segment (N p ) is small. When the shell segment (N p ) reaches 4, convergence and exactness are completely fulfilled. As seen in the table, a many number of shell segments are not required in this study. e subsequent calculations will be conducted when the shell segment (N p ) is set as 4.
e percentage error of parameter Ω about hemispherical cap with different Jacobi parameters are displayed in Figure 5 .
e results when α � β � 0 are taken as the reference value. e geometric dimensions of the spherical cap in Figure 5 are same as Figure 4 . Figure 5 demonstrates different Jacobi parameters almost have no effect on the results of frequency parameter Ω. Meanwhile, the change trend of the frequency parameter Ω varies with the different values of circumferential wavenumber. However, even the maximum percentage error does not exceed 3 × 10 −5 . at is to say, not only the special Jacobi polynomials (Legendre, Chebyshev, etc.) can be utilized, all of the polynomials can Shock and Vibration 7 also be used. Compared with other approaches, this is one advantage of the current method.
Vibration Characteristics of Uniform and Stepped
Spherical Caps. Firstly, the accuracy and dependability of the current method for solving the free vibration of the uniform and stepped spherical caps will be confirmed. Afterwards, more results of spherical caps with various geometry parameters and boundary conditions are displayed. Tables 3 and 4 demonstrate the exactness and reliability of the current method for free vibration of uniform and stepped hemispherical cap by comparing with the results of related literature [39] and FEM (S4R model, 16830 elements). e geometrical parameters of hemispherical cap in Table 3 are chosen as follows: R c � 1 m and h � 0.01 m. e radius of stepped hemispherical cap in Table 4 is the same as Table 3 . Meanwhile, the thickness of the top and bottom section of stepped hemispherical cap is, respectively, 0.005 m and 0.01 m. It can be concluded from Tables 3 and 4 that the present method has excellent numerical stability when handling free vibration of uniform and stepped hemispherical cap with general boundary conditions. In addition, the tiny distinction between the current method, related literature, and FEM proves high accuracy of the current method. Shock and Vibration 
Shock and Vibration 9
Altogether, the current method works well when handling vibration analysis of uniform and stepped spherical cap with general boundary conditions by means of a generalized solution.
To further verify the accuracy of the current method, the experiment test focusing on free vibration of a hemispherical cap was carried out. It should be pointed out that the spherical cap is isotropic. Figure 6 . In the experiment, the hammer (no. 3 in Figure 6 ) was used to strike different positions of spherical cap in turn, and acceleration sensors (no. 2 in Figure 6 ) with sensitivity of 100 mv/g were used to collect the vibration response at the same point. en, the time domain signals obtained by the dynamic signal testing analyzer (no. 1 in Figure 6 ) were transformed into frequency domain signals by Fourier transform. e final results of frequencies are shown in Table 5 . Meanwhile, the mode shapes of the spherical cap using experiment, FEM, and the current method are displayed in Figure 7 . It is clear that the frequencies and modal shapes of current method matched well with the modal test and FEM. For selected five modes, the maximum error of the present method and experiment is 0.41%. e reason for the error of the present method with the test results is mainly the influence of elastic hoisting boundary and random error.
Tables 6-9 display the frequency parameter Ω of uniform spherical caps with various center angles φ 1 subject to general boundary conditions, in which φ 1 � 30, 45, 60, 90 degrees are included. e radius and thickness of spherical cap are 1 m and 0.005 m, respectively. Table 10 demonstrates the nondimensional frequency parameter of stepped hemispherical cap with general boundary restraints. e radius of stepped hemispherical cap in Table 10 is R c � 1 m. However, the thickness of the top, middle, and bottom section of stepped hemispherical cap is, respectively, 0.005 m, 0.01 m, and 0.015 m. It can be seen from Tables 6-9 that frequency parameter Ω of spherical cap increases with the axial modes when the circumferential wavenumber is a certain value. Besides, it is clear that the boundary conditions have an important effect on the vibration characteristics of spherical cap. Figure 8 shows nondimensional frequency parameters Ω of uniform spherical cap with different center angles and boundary restraints (namely axial elastic support, clamped, shear support, and free). It is easy to find that with the increase of center angle, the frequency parameter of spherical cap decreases, especially when the center angle is smaller than 50 degrees. Figure 9 demonstrates the nondimensional frequency parameters Ω with three different elastic support boundary conditions (namely, axial, radial, and rotational); the second and third circumferential modes with first five meridian wavenumbers (i.e., m � 1-5) are considered. Different elastic support boundary restraints affect more heavily on the frequency parameters Ω with low meridian wavenumbers. Figure 10 displays the relation between nondimensional frequency parameters Ω and stiffness of different elastic supports. In the previous clamped boundary restraint example, we soften the axial, radial, circumferential, and rotational spring stiffness continuously from 10 14 to 10 0 , respectively. e nondimensional frequencies Ω of the first circumferential mode and the first three meridian wavenumbers are considered. e similar trend in Figure 4 is discovered again when considering axial and circumferential elastic supports, respectively. However, the changes of stiffness value of radial and rotational spring have little effect on the frequency parameters Ω.
Conclusions
e paper presents a unified solution to investigate the free vibration of uniform and stepped spherical caps with elastic support edge constraints. Nondimensional frequency parameters of spherical caps with various geometry specifications and edge conditions are displayed, which may be useful for further research studies. ere are some conclusions obtained as follows:
(1) Frequency parameter Ω of spherical cap increases with the meridian wavenumber when the circumferential number is invariant. (2) With the decrease of center angle, the frequency parameter of spherical cap increases, especially when the center angle is smaller than 50 degrees. (3) e effect of boundary spring stiffness on frequency parameter of spherical cap varies greatly in different directions. (4) ere is almost no effect of varying the radial and rotational restraining springs on the frequency parameters, while the other restraining stiffness is kept infinite. However, different trends appear when considering axial and circumferential elastic supports.
